As an extension of our previous work, the growth of density fluctuations in the spinodal region of charge asymmetric nuclear matter is investigated in the basis of the stochastic mean-field ap- 
I. INTRODUCTION
Nuclear matter in the spinodal region exhibits a universal behavior. When the uniform matter enters into the spinodal region, small fluctuations grow rapidly and the matter undergoes a dynamical liquid-gas phase transformation. Nuclear multi-fragmentation processes are considered as a signature for such a dynamical phase transformation in nuclear matter [1] [2] [3] . Theoretical description of the spinodal dynamics requires an approach beyond the mean-field theory by incorporating fluctuation mechanisms [4] [5] [6] [7] . The recently proposed stochastic mean-field approach (SMF) provides a useful framework for describing large amplitude nuclear collective motion by including one-body dissipation and fluctuation mechanisms [8] . We carried out a number of investigations of the spinodal instabilities by employing the non-relativistic and relativistic framework of the SMF approach [9] [10] [11] [12] [13] . For a full description of the spinodal dynamics, we need to determine an ensemble of events by simulating the SMF equation with proper fluctuations in the initial state. In our investigation, instead of such simulations, we calculate the early growth of density fluctuations in the linear response regime of the SMF approach. For this purpose, the equal time correlation function of the density fluctuations provides a very useful quantity. For nuclear matter, in the linear response regime, it is possible to provide a nearly analytical treatment for the density correlation function. Indeed, the density correlation function exhibits the early stages of the dynamics of the liquid-gas phase transformation. In our earlier studies, we calculated the correlation function in the pole approximation. As pointed out by Bozek, the effect of non-collective poles play an important role in the full description of the correlation function [14] . In a recent work, we calculated the density correlation function exactly by including the effects of non-collective poles in addition to the collective poles for charge symmetric nuclear matter [15] . In this work, we present calculations of the density correlation function for charge asymmetric nuclear matter in the semi-classical framework, i.e. in the long wavelength limit, of the SMF approach. In section 2, we briefly present description of the density correlation functions including collective and non-collective modes in the linear response framework in the long wavelength limit. In section 3, we present calculations for the most unstable initial density ρ = 0.3ρ 0 at two different temperatures and two charge asymmetries of the matter. Conclusions are given in section 4.
II. DENSITY CORRELATION FUNCTIONS IN ASYMMETRIC NUCLEAR MATTER
A detailed description of the correlation function of the density fluctuations for symmetric matter including the non-collective poles is presented in our recent publication [15] . Description of the correlation function for the charge asymmetric system is given in a similar manner.
Here, we give a brief description and refer to [9, 15] for details. For charge asymmetric case, we need to consider the coupled SMF equations for neutrons and protons. The linearized equations for fluctuations of neutron and proton density matrices, δρ
whereρ a is the density matrix of the initial state, h a denotes the mean-field Hamiltonian at the initial state and δU λ a is the fluctuating part of the mean-field for protons and neutrons a = p, n in the event labeled by λ. Since, for infinite matter the equilibrium state and the mean-field Hamiltonian are homogeneous, it is suitable to analyze these equations in plane wave representations. Then, the linear response equation becomes
The space Fourier transform of nucleon density fluctuations δρ λ ( k, t) is related to the fluctuations of the density matrix according to
where the summation indicates sum over spin quantum number s =↑, ↓. We solve the linear response Eq. (2) by employing the method of one-sided Fourier transformation in time [16] [17] , and obtain coupled algebraic equations for the Fourier transform of the local proton and neutron densities δρ λ a ( k, ω),
In deriving these coupled equations, we consider that the mean-field potential depends only on the local nucleon densities, U 
According to the basic postulate of the SMF approach, elements of the initial density matrix are uncorrelated Gaussian random numbers with zero mean values and with well-defined variances. In semi-classical limit their variances are given by,
The factor δ ab δ ss reflects the assumption that local density fluctuations in spin-isospin channels are uncorrelated in the initial state. In Eq. (4), F ab 0 and χ a k, ω denote the zeroth order Landau parameters and the Lindhard functions for protons and neutrons, respectively. 
Here the factor 2 comes from spin summation, and f a (p) is the Fermi-Dirac factor for protons or neutrons at the initial state.
According to the method of one-sided Fourier transform [16] [17] , we can calculate time evolution of the local density fluctuations by inverting Eq. (4) and taking the inverse Fourier transform to give,
where the integral in the complex ω is carried out along a contour that passes above all singularities of the integrand. The quantity G λ a ( k, ω) in the integrand is given for neutrons and protons as
and ε k, ω denotes the susceptibility
As discussed in Ref. [15] , it is possible to calculate the ω-integral in Eq. (8) , by choosing a contour as shown in Fig. 1 of Ref. [15] . There are collective poles determined by the roots of the dispersion relation, ε( k, ω) = 0 → ω = ±iΓ k . The collective poles play important role in early growth of density fluctuations in the spinodal region. However, the collective poles alone do not provide a complete description of the growth of density fluctuations. The collective poles alone do not even satisfy the initial conditions as pointed in [14] . For a complete description, in addition to the collective poles, the effect of non-collective poles should be included into integral in Eq. (8). By calculating the angular integration in the Lindhard functions, it is easy to see that the integrand has a logarithmic singularity. The integrand in complex ω-plane is multivalued, therefore entire real ω-axis is a branch cut. In order to calculate integral in Eq. (8), we choose the contour C, as shown in Fig. 1 of Ref.
[15]. We exclude the real ω-axis by drawing the contour from +∞ to the origin just above the real ω-axis, and after jumping from the first Riemann sheet to the second Riemann sheet at the origin, drawing contour just below the real ω-axis from origin to +∞. Contour is completed with a large semi-circle and by jumping from the second Riemann sheet to the first one at origin. As a result, we find that the integral in Eq. (8) can be expressed as
where the pole (P) contribution and cut (C) contribution are given by
and
In order to investigate development of spinodal instabilities a very useful quantity is the equal time correlation functions of local density fluctuations
Here the local nucleon density fluctuations δρ λ a ( r , t)are determined by the Fourier transform of δρ λ a ( k, t), and the spectral intensity σ ab ( k, t)of the correlation function is defined in terms of the variance of the Fourier transform of density fluctuations according to
In these expression, the bar indicates the average taken over the ensemble generated from the distribution of the initial fluctuations.
We can calculate the spectral intensity σ ab ( k, t) by evaluating the ensemble averages using Eqs. (12) and (13) for pole δρ λ a (P ; k, t) and cut δρ λ a (C; k, t) part of the Fourier transform density fluctuations and the Eq. (6) for the initial fluctuations. As a result, the spectral intensity is expressed as,
where the first and last term are due to pole and cut parts of the spectral intensity and the middle term denotes the mixed contribution. We briefly describe derivation of the analytical expressions of the various terms in the spectral intensity in the long wavelength limit in Appendix A. The total spectral intensity is obtained by summing over isospin components
The expression for the total correlation function of density fluctuations σ(| r − r |, t), which is summed over isospin components, is determined by using the total spectral density σ( k, t)
in Eq. (14) . Using Eq. (6), we can determine the initial condition of the spectral density σ( k, 0), which must be equal to the right hand side of Eq. (18) at time t = 0. This leads to a non-trivial sum rule
III. RESULTS OF CALCULATIONS
In numerical calculations, we employ the effective Skyrme potential of Ref.
[4]
where ρ = ρ n + ρ p and ρ = ρ n − ρ p are the total and relative densities, τ a = +1 for neutrons and the cross terms due to pole-cut parts 2σ ab (P C; k, t). From these figures, similar to the charge symmetric matter, we make two important observations for each value of the charge asymmetry: Cut terms make an important negative contribution during the early phase of growth, hence slowing down the growth of instabilities. During later times, collective poles dominate the growth of density fluctuations, and the cut terms representing the effects of non-collective poles do not grow in time, as discussed in earlier studies [1] . Second point that we note, both pole and cut contributions have divergent behavior with opposite sign, as wave numbers approach its upper limit, k → k max . These divergent behaviors cancel out each other to produce a nice regular behavior of the spectral intensity as a function of wave number. Fig. 4 shows the total spectral intensity of the correlation function σ( k, From this analysis, we observe that the spinodal decomposition indeed provides a dynamical mechanism for the liquid-gas phase transition. In the linear response approach, we can only recognize the early phase of the transition. In order to describe the full phase transition, we need to carry out long time simulations, which is not done in this study.
IV. CONCLUSIONS
As a continuation of a previous work, we investigate early growth of density fluctuations in As seen in Eq. (17), there are three parts in the spectral intensity σ ab ( k, t), the pole-pole part, the cut-cut part and the mixed cut-pole parts.The pole-pole part is
where the quantities E ∓ ab for neutrons and protons are given by
with
The pole-pole contributions have the same expressions as we had in our previous investigation in the semi-classical framework [16] . The cut-cut part has four terms,
The first and last terms come from the square of the first and second terms in Eq. (13), and involves double integrations over ω and ω . The diagonal and off diagonal parts in the isospin space are
In these expressions and below, the symbol ⊗ denotes the matrix multiplication. The double integrals in A ∓ ab ( k, t) contain the principle value and the delta function contributions, which are identified using the identity 1/ (ω + ω ∓ 2iη) = P (1/ω + ω ) ± iπδ(ω + ω ). The elements of W and V matrices are given by
In these expressions and also below, we use the short hand notation χ
There are contributions coming from the cross-terms in the square of Eq. (13), which are indicated by the second and third terms in Eq. (A6). These terms also involves double integrations over ω and ω , and have similar structures as A
The integrand inÃ ∓ ab ( k, t), in contrast to its appearance, is well-behaved function, because when ω =−ω, the nominator is also zero therefore the ratio [φ(ω ∓ iη) + φ(ω ± iη)] / (ω + ω ) becomes finite. Here, the elements ofW andṼ matrices are given by,
In spectral density, the pole-cut contribution has also four terms
The isospin matrix elements of the first and the last term are given by,
Here , we use the short hand notation φ a (∓iΓ) = φ a ( k, ω = ∓iΓ), ignore the label k in Γ k for simplicity, and the elements of X and Y matrices are given by
where χ ∓iΓ a = χ a ( k, ω = ∓iΓ). The second and third terms involve an integral over ω, and have similar structure as B ∓ ab ( k, t),
The elements ofX andỸ matrices are given by
and 
